In this paper, a new iterative scheme based on the extragradient-like method for finding a common element of the set of common fixed points of a finite family of nonexpansive mappings, the set of solutions of variational inequalities for a strongly positive linear bounded operator and the set of solutions of a mixed equilibrium problem is proposed. A strong convergence theorem for this iterative scheme in Hilbert spaces is established. Our results extend recent results announced by many others. MSC: 49J30; 49J40; 47J25; 47H09
Introduction
Let H be a real Hilbert space with the inner product ·, · and the norm · . Let C be a nonempty closed convex subset of H. Recall that a mapping T : C → C is said to be nonexpansive if Tx -Ty ≤ x -y , ∀x, y ∈ C.
We denote by F(T) the set of fixed points of T. Let P C be the projection of H onto the convex subset C. Moreover, we also denote by R the set of all real numbers.
Peng and Yao [] considered the generalized mixed equilibrium problem of finding x ∈ C such that (x, y) + ϕ(y) -ϕ(x) + Fx, y -x ≥ , ∀y ∈ C, (.) where F : C → H is a nonlinear mapping and ϕ : C → R is a function and : C × C → R is a bifunction. The set of solutions of problem (.) is denoted by GMEP. In the case of F = , problem (.) reduces to the mixed equilibrium problem of finding x ∈ C such that (x, y) + ϕ(y) -ϕ(x) ≥ , ∀y ∈ C, which was considered by Ceng and Yao [] . GMEP is denoted by MEP. Recently, Ceng et al. [] introduced and studied a relaxed extragradient method for finding solutions of problem (.).
Let {T i } be an infinite family of nonexpansive mappings of C into itself and {λ n }, {λ n }, . . . , {λ nN } be real sequences such that λ n , λ n , . . . , λ nN ∈ (, ] for every n ∈ N . For any n ≥ , we define a mapping W n of C into itself as follows: Such a mapping W n is called the W -mapping generated by T  , T  , . . . , T N and {λ n }, {λ n }, . . . , {λ nN }. Nonexpansivity of each T i ensures the nonexpansivity of W n . Moreover, in [] , it is shown that F(W n ) = N i= F(T i ). Throughout this article, let us assume that a bifunction : C × C → R and a convex function ϕ : C → R satisfy the following conditions:
(H) (x, x) =  for all x ∈ C; (H) is monotone, i.e., (x, y) + (y, x) ≤  for all x, y ∈ C; (H) for each y ∈ C, x → (x, y) is weakly upper semicontinuous; (H) for each x ∈ C, y → (x, y) is convex and lower semicontinuous; (A) for each x ∈ H and r > , there exists a bounded subset D x ⊂ C and y x ∈ C such that for any z ∈ C\D x ,
(A) C is a bounded set. Recently, Qin et al.
[] studied the problem of finding a common element of the set of common fixed points of a finite family of nonexpansive mappings, the set of solutions of variational inequalities for a relaxed cocoercive mapping and the set of solutions of an equilibrium problem. More precisely, they proved the following theorem. . Let {x n } and {y n } be sequences generated by x  ∈ H and
where α n ∈ (, ] and {r n }, {s n } ⊂ [, ∞) satisfy (i) lim n→∞ α n =  and
Then, both {x n } and {y n } converge strongly to q ∈ F, where q = P F (γ f + (I -A))(q), which solves the following variational inequality:
In this paper, motivated by Takahashi and Takahashi , we introduce the general iterative scheme for finding a common element of the set of common fixed points of a finite family of nonexpansive mappings, the set of solutions of the generalized mixed equilibrium problem (.) and the set of solutions of the generalized equilibrium problem (.), which solves the variational inequality 
Preliminaries
Let C be a nonempty closed convex subset of a real Hilbert space H. For every point x ∈ H, there exists a unique nearest point of C, denoted by P C x, such that x -P C x ≤ x -y for all y ∈ C. Such a P C is called the metric projection of H onto C. We know that P C is a firmly nonexpansive mapping of H onto C, i.e.,
Further, for any x ∈ H and z ∈ C, z = P C x if and only if 
Moreover, we assume that A is a bounded strongly positive operator on H with a constant γ , that is, there exists γ >  such that
A mapping B : C → H is called β-inverse strongly monotone if there exists β >  such that
It is obvious that any inverse strongly monotone mapping is Lipschitz continuous. In order to prove our main results in the next section, we need the following lemmas and proposition. 
for all x ∈ H. Assume that either (A) or (A) holds. Then the following results hold:
is firmly nonexpansive, i.e., for any x, y ∈ H, 
) if and only if x is a fixed point of the mapping
: C → C defined by
The set of fixed points of the mapping is denoted by . 
for all s, t >  and x ∈ H.
Lemma . [] Assume that T is a nonexpansive self-mapping of a nonempty closed convex subset C of H. If T has a fixed point, then I -T is demi-closed
; that is, when {x n } is a sequence in C converging weakly to some x ∈ C and the sequence {(I -T)x n } converges strongly to some y, it follows that (I -T)x = y.
Lemma . []
Assume that {a n } is a sequence of nonnegative real numbers such that
where {γ n } is a sequence in (, ) and {δ n } is a sequence such that
Then lim n→∞ a n = .
Lemma . [] Assume A is a strong positive linear bounded operator on a Hilbert space H with a coefficient
The following lemma is an immediate consequence of an inner product.
Lemma . In a real Hilbert space H, the following inequality holds:
for all x, y ∈ H.
Main results
Now we state and prove our main results. . Let x  ∈ C and let {x n } be a sequence defined by
Theorem . Let C be a nonempty closed convex subset of a real Hilbert space H. Let
, which solves the following variational inequality:
and (x * , y * ) is a solution of problem (.), where y
Proof We divide the proof into several steps.
Step . {x n } is bounded.
, F is ζ -inverse strongly monotone and  ≤ δ n ≤ ζ , we obtain that for any n ≥ ,
, we know that for any n ≥ ,
Furthermore, from (.), we have
By induction, we obtain that for all n ≥ ,
Hence {x n } is bounded. Consequently, we deduce immediately that {z n }, {y n }, {f (W n x n )} and {W n (y n )} are bounded.
Step . lim n→∞ W n+ y n -W n y n = . It follows from the definition of W n that
Since {y n } is bounded and T k , U n,k are nonexpansive, lim n→∞ W n+ y n -W n y n = .
Step . lim n→∞ x n+ -x n = . We estimate y n+ -y n , W n+ x n+ -W n x n and W n+ y n+ -W n y n . From (.) we have
It follows from (.) and (.) that
Without loss of generality, let us assume that there exists a real number a such that δ n > a >  for all n. Utilizing Proposition ., we have
It follows from the definition of W n that
where M  is a constant such that M  ≥  max{sup n≥ y n , sup n≥ T N U n,N- y n }. Next, we consider
where M  is a constant that M  ≥  max{sup n≥ y n , sup n≥ T N- U n,N- y n }. In a similar way, we obtain
where M  is an appropriate constant. Substituting (.) into (.), we have that
where M  is a constant such that M  ≥ max{M  , M  }. Similarly, we have
where M  is an appropriate constant. Hence it follows from (.), (.), (.), (.) and (.) that 
Step .
Since α n →  and x n -x n+ →  as n → ∞, we have lim n→∞ Fx n -Fp = ,
Step . lim n→∞ x n -z n = , lim n→∞ z n -y n =  and lim n→∞ x n -y n = . Indeed, from (.), (.) and Lemma ., we have
which imply that
It follows from (.) that
Also, from (.) and (.), we have
So, we have
In addition, from the firm nonexpansivity of T
which implies that
From (.), (.) and (.), we have
It follows that
Since Fx n -Fp →  as n → ∞, we obtain
Thus, from (.), (.) and (.), we obtain that
Step . lim n→∞ y n -W n y n = . Indeed, observe that
Replacing n by n i , we have
Let z t = ty + ( -t)w for all t ∈ [, ] and y ∈ C. Then we have z t ∈ C. It follows from (.) that
Since z n i -x n i → , we have Fz n i -Fx n i → . From the monotonicity of F, we have
From (H), the weakly lower semicontinuity of ϕ,
as i → ∞. By (H), (H) and (.), we obtain
Hence we obtain
Putting t → , we have
This implies that w ∈ GMEP. Since Hilbert spaces satisfy Opial's condition, it follows from Step  that . Let x  ∈ C and let {x n } be a sequence defined by ⎧ ⎪ ⎪ ⎨ ⎪ ⎪ ⎩ z n = P C (x n -δFx n ), Fx n , y -z n +  δ n y -z n , z n -x n ≥ , ∀y ∈ C, n ≥ . http://www.fixedpointtheoryandapplications.com/content/2013/1/65
That is, y -z n , x n -δ n Fx n -z n ≤ , ∀y ∈ C.
It follows that P C (x n -δ n Fx n ) = z n for all n ≥ . We can obtain the desired conclusion easily. 
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